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The present paper reports a theoretical study of the dynamics of an electroosmotic flow (EOF) in cylin-
drical domain. The Cauchy momentum equation is first simplified by incorporating the electrostatic body
force in the electric double layer and the generalized Burgers fluid constitutive model. The electric poten-
tial distribution is given by the linearized Poisson–Boltzmann equation. After solving the linearized
Poisson–Boltzmann equation, the Cauchy momentum equation with electrostatic body force is solved
analytically by using the temporal Fourier and finite Hankel transforms. The effects of important involved
parameters are examined and presented graphically. The results obtained reveal that the magnitude of
velocity increases with increase of the Debye–Huckel and electrokinetic parameters. Further, it is shown
that the results presented for generalized Burgers fluid are quite general so that results for the Burgers,
Oldroyd-B, Maxwell and Newtonian fluids can be obtained as limiting cases.
 2016 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).Introduction
The study of microfluidics is the present-day focus of research
in micro-electro-mechanical system and micro-biological sensors
such as lab-on-a-chip [1]. Particularly microfluidic devices have
wide-ranging applications in biomedical and chemical industries.
Moreover, the electroosmotic flow (EOF) is preferred over the pres-
sure driven flow because pumping a liquid through a very small
channel requires a very large pressure difference whereas it does
not require any external pump, but needs electrodes to control
the flow field. Theoretical and experimental investigations of the
EOF of a Newtonian fluid in micro-channels have been reported
in various geometric domains by several researchers. Amongst
the earlier researchers who analytically investigated the time peri-
odic electroosmotic flow include Dutta and Beskok [2], who stud-
ied the electroosmotic flow between two parallel plates. Since
then many papers on the EOF of Newtonian fluid have been pub-
lished [3–7].
On the other hand, the study of flows of non-Newtonian fluids
[8–21] has acquired considerable interest due to their industrial
and engineering applications. Because of widespread applications
in diverse areas of geophysics, chemical and petroleum industries,
the study of non-Newtonian fluids has become a current researchtopic. The rheological properties of various materials are specified
by their constitutive equations. The simplest constitutive equation
for a fluid is Newtonian one. However, there are several rheologi-
cally complicated fluids including polymer solutions which cannot
be described by Newtonian constitutive equation neither show
relaxation nor retardation phenomena. Many models have been
proposed for this reason including the differential type and rate
type models. Recently, it has been reported that the Burgers model
[22–25]is a viscoelastic fluid model and approximately describes
asphalt and in calculating the transient creep properties of the
earth’s mantle. Recently Jian et al. [26] and Liu et al. [27] studied
the time periodic EOF of a Jeffery fluid and a generalized Maxwell
fluid through circular micro tube, respectively. Analytical and
numerical studies of an electroosmotically driven flow of a third
grade fluid between microparallel plates has been reported by
Akgul and Pakdemirli [28]. Chen et al. [29] numerically investi-
gated travelling wave electroosmotic flows in a microchannel.
Kang et al. [30] discussed the analytic solution for an electroosmot-
ically driven flow in a cylindrical microcapillary and then solved
Poission-Boltzmann equation for an arbitrary zeta potential. Wang
et al. [31] studied the hydrodynamic aspects of a fully developed
electroosmotic flow in a semicircular microchannel. The general
solution for an electrokinetic flow in microchannel with arbitrary
distribution of wall charge and arbitrary geometry is studied by
Xuan and Li [32]. Zhao and Yang [33] considered the joule heating
induced heat transfer for an electroosmotic flow of power-law
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effects on thermal transport characteristics of combined pressure
and electroosmotically driven flow in microchannel is studied by
Sadeghi and Saidi [34].
The present study focuses on the dynamics of an electroosmotic
flow of a generalized Burgers fluid in a cylindrical domain. The
momentum equation is first simplified by incorporation of the
electrostatic body force and subsequently the solution is obtained
by using the temporal Fourier and finite Hankel transforms. The
effects of important parameters are examined and presented
through several graphs.
Mathematical formulation and solution
We consider an electroosmotic flow through an infinite uniform
cylinder of radius a. The z axis is taken to coincide with the central
axis of cylindricalmicro-channel. The cylinder isfilledwith an incom-
pressible generalized Burgers fluid. The cylinder wall is uniformly
charged with a zeta potential f. When an external electric field
E tð Þ is imposed along the axis of the cylinder, the fluid sets inmotion
as a result of the interaction between the net charge density in the
electric double layer EDLð Þ and the applied electric field. For a fully
developedelectroosmoticflow, allfieldquantities aredependent only
on radial component r and time t. The governing equations are
divV ¼ 0; ð1Þ
qf
dV
dt
¼ divTþ qeE; ð2Þ
E tð Þ ¼ 0;0; Ez sinðXtÞ½ : ð3Þ
In the above equations, V is the velocity vector, qf the fluid
density, T the Cauchy stress tensor, E tð Þ the body force consisting
of sinusoidal electric field whereas gravity is neglected, qe the net
electric charge density, X the frequency of external electric field, t
the time and d=dt the material time derivative.
The constitutive equations for a generalized Burgers fluid [35–
37] are
T ¼ pIþ S; Sþ k1 dSdt þ k2
d2S
dt2
¼ l Aþ k3 dAdt þ k4
d2A
dt2
 !
; ð4Þ
where p is the pressure, S the extra stress tensor, A the first Rivilin-
Ericksen tensor, k1 the relaxation time while k3 < k1ð Þ the retarda-
tion time, k2 and k4 the material constants for generalized Burgers
fluid, l the dynamic viscosity and d2=dt2 denotes the upper con-
vected derivative defined as
d2S
dt2
¼ d
dt
dS
dt
 
¼ d
dt
dS
dt
 LS SLT
 
; A ¼ L þ ðLÞT ; L ¼ gradV:
ð5ÞElectric potential distribution within EDL
For the case of a forced, laminar flow through a cylindrical
micro-channel of radius a, the equation of motion of an incom-
pressible fluid is given by Eq. (2) when an external electric field
E tð Þ is applied along the axis of the cylinder. According to the the-
ory of electrostatics, the relation between electrostatic potential
W rð Þ and the net electric charge density qe is given by Poisson–
Boltzmann equation, which for a cylindrical surface is
1
r
d
dr
r
dW
dr
 
¼ qe
0
; ð6Þ
where 0 is the dielectric constant.The net electric charge density qe can be expressed by assuming
symmetric electrolyte as qe ¼ Zeðniþ  ni Þ, in which the number
concentration of type-i ions, given by Boltzmann equation are
ni ¼ n0 exp
ZeW
kBh

 
; ð7Þ
where n0 is the bulk ionic concentration, Z the valance of type-i ions,
e the elementary charge, kB the Boltzmann constant and h the abso-
lute temperature.
In view of the above equations the net electric charge density
can be expressed as
qe ¼ 2Zen0 sinh
ZeW
kBh

 
: ð8Þ
Substituting Eq. (8) into Eq. (6), we obtain a non-linear Poisson–
Boltzmann equation which solely determines the EDL potential
distribution
1
r
d
dr
r
dW
dr
 
¼ 2Zen0
0
sinh
ZeW
kBh

 
: ð9Þ
By using the Debye–Huckel approximation it is linearized to
1
r
d
dr
r
dW
dr
 
¼ k2W; ð10Þ
where the Debye–Huckel parameter k ¼ 2Z2e2n00kBh
 1
2
, in which 1=k rep-
resents the thickness of the EDL.
Eq. (10) is subjected to the following boundary conditions
dWð0Þ
dr
¼ 0; WðaÞ ¼ f: ð11Þ
The nondimensional parameters are introduced as follows:
W ¼ ZeW

kBh
 ; r ¼
r
a
; f ¼ Zef

kBh
 ; K ¼ ka; ð12Þ
with dimensionless parameters given in Eq. (12).
Equations 10ð Þ and 11ð Þcan be written in dimensionless form as
1
r
d
dr
r
dW
dr
 
¼ K2W; ð13Þ
dWð0Þ
dr
¼ 0; Wð1Þ ¼ f: ð14Þ
It is straightforward to obtain an exact solution for the above
problem as
WðrÞ ¼ f I0ðKrÞ
I0ðKÞ ; ð15Þ
where I0 ð Þ is the modified Bessel function of first kind of order zero.
Electroosmotic flow of generalized Burgers fluid
For the problem under consideration we assume a velocity field
and an extra-stress tensor of the form
V ¼ 0;0; vðr; tÞ½ ; S ¼ Sðr; tÞ: ð16Þ
Substituting Eq. (16) into Eq. (4) and assuming that the fluid is
at rest up to the normal t = 0, i.e.,
S r;0ð Þ ¼ @tS r;0ð Þ ¼ 0; ð17Þ
imply Srr ¼ Srh ¼ Shr ¼ Shh ¼ Shz ¼ Szh ¼ 0, for all time [24]
and
1þ k1 @
@t
þ k2 @
2
@t2
 !
Srz ¼ l 1þ k3 @
@t
þ k4 @
2
@t2
 !
@v
@r
: ð18Þ
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Eq. (2) with an electrostatic body force reads
qf
@v
@t
¼  @p
@z
þ @Srz
@r
þ 1
r
Srz þ qeEz sin Xtð Þ: ð19Þ
In absence of the pressure gradient in the axial direction and
elimination of Srz between Eqs. (18) and (19), results in the fol-
lowing governing equation
qf 1þ k1
@
@t
þ k2 @
2
@t2
 !
@v
@t
¼ l 1þ k3 @
@t
þ k4 @
2
@t2
 !
1
r
@
@r
r
@v
@r
 
þ qeEz 1þ k3
@
@t
þ k4 @
2
@t2
 !
sin Xtð Þ:
ð20Þ
Which is subjected to the following boundary conditions
vða; tÞ ¼ 0; @v

@r
ð0; tÞ ¼ 0; ð21Þ
where a is the radius of the cylinder.
Additional nondimensional parameters are introduced as
follows
v ¼ v

v0
; t ¼ Xt; Re ¼ a
2X
m
; K1 ¼ 0kBh
Ez
lv0Ze
;
~k1 ¼ k1X; ~k2 ¼ k2X2; ~k3 ¼ k3X; ~k4 ¼ k4X2;
ð22Þ
where v0 is a reference velocity, Re the Reynolds number and K1 the
dimensionless parameter for the electrokinetic effect.
Hence the dimensionless problem for velocity can be expressed
as
1þ k1 @
@t
þ k2 @
2
@t2
 !
@v
@t
¼ 1
Re
1þ k3 @
@t
þ k4 @
2
@t2
 !
1
r
@
@r
r
@v
@r
 
K1
Re
K2fI0ðKrÞ
I0ðKÞ 1þ k3
@
@t
þ k4 @
2
@t2
 !
sin Xtð Þ;
ð23Þ
vð1; tÞ ¼ 0; @v
@r
ð0; tÞ ¼ 0: ð24Þ
The transformed problem is
1
r
d
dr
r
dv
dr
 
 Reðixx
2~k1  ix3~k2Þv
ð1þ ix~k3 x2~k4Þ
¼ K1p
i
K2fI0ðKrÞ
ð1þ ix~k3 x2~k4ÞI0ðKÞ
 dðx 1Þð1þ i~k1  ~k2Þ  dðxþ 1Þð1 i~k1  ~k2Þ
h i
; ð25Þ
vð1;xÞ ¼ 0; @vð0;xÞ
@r
¼ 0; ð26ÞFig. 1. Geometry of the problem.where vðr;xÞ is the temporal Fourier transform of vðr; tÞ and x the
temporal frequency.
Further, to solve the above problem, we use the finite Hankel
transform. The finite Hankel transform is defined as (see Fig. 1)
vHðkn;xÞ ¼
Z 1
0
vðr;xÞJ0 knrð Þrdr: ð27Þ
Multiplying both sides of Eq. (25) by rJ0 knrð Þ, integrating with
respect to r from 0 to 1 and taking into account the conditions
(26) and the known relationZ R
0
1
r
d
dr
r
dv
dr
 
rJ0ðknrÞdr ¼ RknJ1ðknrÞvðR;xÞ  k2nvHðkn;xÞ; ð28Þ
we find that
vHðkn;xÞ ¼  1
k2n þ
Re ixx2~k1ix3~k2ð Þ
1þix~k3x2~k4ð Þ
  K1pK2f
iI0ðKÞ
 dðx 1Þð1þ i
~k1  ~k2Þ  dðxþ 1Þð1 i~k1  ~k2Þ
ð1þ ix~k3 x2~k4Þ
 !

Z 1
0
I0ðKrÞJ0ðknrÞrdr;
ð29Þ
where vHðkn;xÞ is the Hankel transform of vðr;xÞ while kn are pos-
itive roots of the equation J0ðknÞ ¼ 0.
In order to calculate vðr;xÞ, we apply the inverse Hankel trans-
form formula
vðr;xÞ ¼ 2
X1
n¼1
vH kn;xð Þ J0 knrð Þ
J21ðknÞ
: ð30Þ
Applying the above inverse Hankel transform formula to Eq.
(29) we obtain
vðr;xÞ ¼ 2K1K
2fp
I0 Kð Þi
X1
n¼1
1
k2n þ
Re ixx2~k1ix3~k2ð Þ
1þix~k3x2~k4ð Þ
  J0 knrð Þ
J21ðknÞ
 dðx 1Þð1þ i
~k1  ~k2Þ  dðxþ 1Þð1 i~k1  ~k2Þ
ð1þ ix~k3 x2~k4Þ
 !

Z 1
0
I0ðKrÞJ0ðknrÞrdr:
ð31Þ
In order to obtain the velocity field, we apply the inverse tem-
poral Fourier transform to Eq. (31). As a result, we find for the
velocity field the following expression
vðr; tÞ ¼ K1K
2fi
I0 Kð Þ
X1
n¼1
J0 knrð Þ
J21ðknÞ
 ð1þ i
~k1  ~k2Þeit
ð1þ i~k3  ~k4Þ k2n þ
Re i~k1i~k2ð Þ
1þi~k3~k4ð Þ
 
0
BB@
 ð1 i
~k1  ~k2Þeit
ð1 i~k3  ~k4Þ k2n þ
Re i~k1þi~k2ð Þ
1i~k3~k4ð Þ
 
1
CCA
Z 1
0
I0ðKrÞJ0ðknrÞrdr:
ð32Þ
Further using the following known result
Z 1
0
I0ðKrÞJ0ðknrÞrdr ¼
KI1ðKÞJ0ðknÞ þ knJ1ðknÞI0ðKÞ
K2 þ k2n
; ð33Þ
we obtain the following simple expression for the velocity field
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2fi
I0 Kð Þ
X1
n¼1
J0 knrð Þ
J21ðknÞ
 ð1þ i
~k1  ~k2Þeit
ð1þ i~k3  ~k4Þ k2n þ
Re i~k1i~k2ð Þ
1þi~k3~k4ð Þ
 
0
BB@  ð1 i~k1  ~k2Þeit
ð1 i~k3  ~k4Þ k2n þ
Re i~k1þi~k2ð Þ
1i~k3~k4ð Þ
 
1
CCA
 KI1ðKÞJ0ðknÞ þ knJ1ðknÞI0ðKÞ
K2 þ k2n
 !
:
ð34ÞSpecial cases
1. EOF of Burgers fluid
Making ~k4 ! 0 in Eq. (34) we obtain the velocity fieldvðr; tÞ ¼ K1K
2fi
I0 Kð Þ
X1
n¼1
J0 knrð Þ
J21ðknÞ
 ð1þ i
~k1  ~k2Þeit
ð1þ i~k3Þ k2n þ
Re i~k1i~k2ð Þ
1þi~k3ð Þ
 
0
BB@  ð1 i~k1  ~k2Þeit
ð1 i~k3Þ k2n þ
Re i~k1þi~k2ð Þ
1i~k3ð Þ
 
1
CCA
 KI1ðKÞJ0ðknÞ þ knJ1ðknÞI0ðKÞ
K2 þ k2n
 !
;
ð35Þ
corresponding to a Burgers fluid, performing the same motion.
2. EOF of Oldroyd-B fluid
Making the limit of Eq. (34) as ~k2 ! 0 and~k4 ! 0, we get the
velocity fieldFig. 2
~k1 ¼ 15
Fig. 3. Profiles of velocity vðr; tÞ for different values of K1 whenvðr; tÞ ¼ K1K
2fi
I0 Kð Þ
X1
n¼1
J0 knrð Þ
J21ðknÞ
 ð1þ i
~k1Þeit
ð1þ i~k3Þ k2n þ
Re i~k1ð Þ
1þi~k3ð Þ
 
0
BB@  ð1 i~k1  ~k2Þeit
ð1 i~k3Þ k2n þ
Re i~k1ð Þ
1i~k3ð Þ
 
1
CCA
 KI1ðKÞJ0ðknÞ þ knJ1ðknÞI0ðKÞ
K2 þ k2n
 !
;
ð36Þ. Profiles of velocity vðr; tÞ for different values of K when
; ~k2 ¼ 10; ~k3 ¼ 2; ~k4 ¼ 6; f ¼ 0:5; t ¼ 2p;Re ¼ 50;K1 ¼ 1 are fixed.corresponding to an Oldroyd-B fluid.
3. EOF of Maxwell fluid
Now by letting ~k2 ! 0; ~k3 ! 0 and~k4 ! 0 into Eq. (34) the fol-
lowing solution corresponding to a Maxwell fluidvðr; tÞ ¼ 2K1K
2f
I0 Kð Þ
X1
n¼1
J0 knrð Þ
J21ðknÞ
 k
2
n sin t þ k2n þ Re
 
cos t
k2n  ~k1Re
 2
þ Reð Þ2
0
B@
1
CA
 KI1ðKÞJ0ðknÞ þ knJ1ðknÞI0ðKÞ
K2 þ k2n
 !
; ð37Þ
are obtained.
4. EOF of Newtonian Fluid
Finally, making ~ki ! 0 i ¼ 1 4ð Þ into Eq. (34), the solution for a
Newtonian fluid~k1 ¼ 15
Fig. 4
~k1 ¼ 15; ~k2 ¼ 10; ~k3 ¼ 2; ~k4 ¼ 6; f ¼ 0:5; t ¼ 2p;Re ¼ 50;K ¼ 10 are fixed.
. Profiles of velocity vðr; tÞ for different values of Re when
; ~k2 ¼ 10; ~k3 ¼ 2; ~k4 ¼ 6; f ¼ 0:5; t ¼ 2p;K1 ¼ 1;K ¼ 10 are fixed.
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2f
I0 Kð Þ
X1
n¼1
J0 knrð Þ
J21ðknÞ
k2n sin t þ k2n þ Re
 
cos t
knð Þ4 þ Reð Þ2
 !
 KI1ðKÞJ0ðknÞ þ knJ1ðknÞI0ðKÞ
K2 þ k2n
 !
ð38Þ
are obtained.
Graphical results
In this section, analytical solution is derived for the time peri-
odic EOF of a generalized Burgers fluid for cylindrical domain.
The solution mainly depends on the Debye–Huckel Parameter K,
electrokinetic parameter K1; Reynolds number Re, relaxation
parameter ~k1, retardation parameter ~k3, the material parameters
~k2 and ~k4 of the Burgers and generalized Burgers fluids, respec-
tively. In the following, the influence of the above mentioned
parameters are investigated.Fig. 5. Profiles of velocity vðr; tÞ for different values of t when
~k1 ¼ 15; ~k2 ¼ 10; ~k3 ¼ 2; ~k4 ¼ 6; f ¼ 0:5;Re ¼ 50;K1 ¼ 1;K ¼ 10 are fixed.
Fig. 6. Profiles of velocity vðr; tÞ for different values of ~k1 when
~k2 ¼ 10; ~k3 ¼ 2; ~k4 ¼ 6; f ¼ 0:5; t ¼ 2p;Re ¼ 50;K1 ¼ 1;K ¼ 10 are fixed.Figs. 2 and 3 show the effect of the non-dimensional Debye–
Huckel parameters K and electrokinetic parameter on the velocity
profile. Fig. 2 reveals that the magnitude of the velocity profile
increases with increasing values of the Debye–Huckel parameter
K. Further, from this Fig., it can be seen that electric double layer
thickness decreases by increasing K. Fig. 3 shows the velocity dis-
tribution for different values of electrokinetic parameter K1. It is
noted that by increase of K1, the velocity increases. Further, it is
noted that the electric double layer thickness also increases by
increasing K1. Correspondingly, the velocity only changes in the
EDL near the channel wall, and it does not change in the middle
portion of the channel.
Fig. 4 exhibits the effects of the Reynolds number Re on velocity
field. For small Reynolds number velocity remains uniform
whereas for higher values it has a wave like structure. Fig. 5 illus-
trates the effect of t on velocity. It is seen that the magnitude of
velocity is same for t ¼ 0:5p and t ¼ 1:5p and for t ¼ p and
t ¼ 2p. Also magnitude of velocity for t ¼ p and t ¼ 2p is greater
than the magnitude for t ¼ 0:5p and t ¼ 1:5p.Fig. 7. Profiles of velocity vðr; tÞ for different values of ~k2 when
~k1 ¼ 15; ~k3 ¼ 2; ~k4 ¼ 6; f ¼ 0:5; t ¼ 2p;Re ¼ 50;K1 ¼ 1;K ¼ 10 are fixed.
Fig. 8. Profiles of velocity vðr; tÞ for different values of ~k3 when
~k1 ¼ 15; ~k2 ¼ 10; ~k4 ¼ 6; f ¼ 0:5; t ¼ 2p;Re ¼ 50;K1 ¼ 1;K ¼ 10 are fixed.
Fig. 9. Profiles of velocity vðr; tÞ for different values of ~k4 when
~k1 ¼ 15; ~k2 ¼ 10; ~k3 ¼ 2; f ¼ 0:5; t ¼ 2p;Re ¼ 50;K1 ¼ 1;K ¼ 10 are fixed.
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Fig. 6. It is seen that magnitude of velocity increases by increasing
relaxation time.
Fig. 7 elaborates the effects of ~k2 on EOF velocity. It shows that
the magnitude of velocity increases by increasing the values of ~k2.
Fig. 8 presents effect of retardation time ~k3 on velocity profile. It
is clear from Fig. 8 that the amplitude of velocity becomes smaller
by increasing the values of retardation time. This is because
increase in retardation time results in faster response to the
imposed electric filed and less time to reach final status.
Fig. 9 depicts the effects of the material parameter ~k4 of the gen-
eralized Burgers fluid. It is clear from this Fig. that the magnitude
of velocity becomes smaller with the increase of material parame-
ter ~k4.
Conclusions
In this chapter, an exact solution was derived for the time peri-
odic electroosmotic flow of a generalized Burgers fluid through a
cylindrical domain. The exact solution was obtained by applying
the Hankel transform and temporal Fourier transform. The velocity
profile was mainly dependent on electrokinetic radius K, Reynolds
number Re, relaxation time ~k1 and retardation time ~k3, the material
parameters ~k2 and ~k4 and the electrokinetic parameter K1 Graphs
were plotted for these parameters and following results were
drawn from the graphs.
	 The magnitude of velocity was increased by increasing the elec-
trokinetic radius.
	 The velocity profile was decreased by increasing the Reynolds
number. Moreover for small values of the Reynolds number,
flow was plug like while for large Reynolds numbers it was
wavelike.
	 Magnitude of velocity profile increases by increasing relaxation
time and decreases by increasing values of retardation time.
	 It was noted that both the magnitude of the velocity and the
electric double layer thickness increased by increasing the elec-
trokinetic parameter.	 The velocity profile was increased by increasing ~k2 and was
decreased by increasing ~k4;however, the effects of ~k4 were more
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